We define the transfer of lisse Q ℓ -sheaves of rank 1, and use it to study a class of incomplete character sums.
Introduction
Through out this paper, p is a fixed prime number, F p is a finite field with p elements, and F is an algebraic closure of F p . For any power q of p, let F q be the subfield of F with q elements. Let ℓ be a prime number distinct from p, let χ 1 , . . . , χ k : F * q d → Q * ℓ be a family of multiplicative characters and ψ : F q d → Q * ℓ an additive character on an extension field F q d of F q . We extend χ i (i = 1, . . . , k) to F q d by setting χ i (0) = 0. Let f 1 (t 1 , . . . , t n ), . . . , f k (t 1 , . . . , t n ) ∈ F q d [t 1 , . . . , t n ] be a family of polynomials with coefficients in F q d , and let f k+1 (t 1 , . . . , t n ) ∈ F q d (t 1 , . . . , t n ) be a rational function. Motivated by a number of applications in [6] , we are interested in estimating the following type of incomplete character sum S ′ = x1,...,xn∈Fq,f k+1 (x1,...,xn) =∞ χ 1 f 1 (x 1 , . . . , x n ) · · · χ k f k (x 1 , . . . , x n ) ψ f k+1 (x 1 , . . . , x n ) , where the summation is over those x 1 , . . . , x n ∈ F q such that f k+1 (x 1 , . . . , x n ) is defined. Note that for the classical complete character sum S = x1,...,xn∈F q d ,f k+1 (x1,...,xm) =∞ χ 1 f 1 (x 1 , . . . , x n ) · · · χ k f k (x 1 , . . . , x n ) ψ f k+1 (x 1 , . . . , x n ) , the summation is over all x 1 , . . . , x n ∈ F q d such that f k+1 (x 1 , . . . , x n ) is defined. Under suitable hypothesis, one can give a sharp estimate of the following form for the complete sum
where C(n, D) is a constant depending only on n and the degree D of the functions f i 's. We believe that there is also a sharp estimate for the incomplete sum S ′ . Namely, under suitable hypothesis, there should be an estimate of the form
where C(n, d, D) is a constant depending only on n, d and the degree D. This is indeed true in the one variable case n = 1, see [6] and [4] . In the present paper, we use the transfer and ℓ-adic cohomology to treat the higher dimensional case.
Let us recall the general method of studying (complete) character sum using ℓ-adic cohomology theory. Let X 0 be a separated scheme of finite type over F q , let X = X 0 ⊗ Fq F be the base change of X 0 , let L 0 be a lisse Q ℓ -sheaf on X 0 , where ℓ is a prime different from the characteristic p. Let L be the inverse image of L 0 in X. By definition, the L-function of L 0 is defined to be
where |X 0 | is the set of Zariski closed points in X 0 , and for any x ∈ |X 0 |, deg(x) is the degree of the residue field k(x) of O X,x over the ground field F q , L 0,x is the stalk of L 0 at a geometric point over x, and F x ∈ Gal(k(x)/k(x)) is the geometric Frobenius element, that is, the inverse of the Frobenius substitution. The family of complete character sums corresponding to L 0 is the family of sums
where
where 
be the base change of X 0 , and let
In this paper, we are concerned with the following incomplete character sum
where the summation is over those F q d -points of X 1 arising from F q -points of X 0 by base change. We do not know how to estimate such incomplete sum in general. In the case where the sheaf L 1 has rank 1, we construct the transfer tran(L 1 ) of L 1 , which is a lisse Q ℓ -sheaf of rank 1 on X 0 , so that
coincides with the complete character sum
Theoretically, this reduces the study of our incomplete sum to the study of the complete sum for the new sheaf tranL 1 . The problem is that it is hard to estimate the Betti numbers dim H i c (X, tran(L 1 )).
In §4, we study the case where dim(X) = 1. In this case, the Grothendieck-Ogg-Shararevich formula for Euler characteristic numbers of sheaves on curves gives us more information about the Betti numbers. We can thus get relatively complete results (Theorems 2.2-4).
Note that in [3, §3] , using the so-called partial L-functions, we study a class of incomplete character sums including sums studied in this paper. The result in [3] applies to the case where L 1 is of higher rank, but L 1 is required to be able to descend down to a sheaf on X 0 . In this paper, L 1 may not be able to descend down, but it must be of rank 1.
Transfer
Let G be a pro-finite group and let H be an open subgroup of G of index d. 
for a permutation i → τ (i) of {1, . . . , d}. Define the transfer to be tran :
(iii) Suppose that H is normal in G and G/H is a cyclic group. For any σ ∈ G such that σH is a generator of G/H, we have
Let X 0 be a scheme of finite type over F q , and let X 1 = X 0 ⊗ Fq F q d be its base change to an extension field F q d of degree d over F q . Suppose X 0 is geometrically connected, that is, the base change X = X 0 ⊗ Fq F is connected. Fix a geometric point for X. Take its images in X 0 and X 1 as the base points of X 0 and X 1 , respectively, and let π 1 (X 0 ) and π 1 (X 1 ) be the etale fundamental groups with respect to these base points. Then π 1 (X 1 ) is a normal subgroup of π 1 (X 0 ). We have an isomorphism
and Gal(F q d /F q ) is a cyclic group. Let x : Spec F q m → X 0 be an F q m -points in X 0 . We can talk about the geometric Frobenius element F x in π 1 (X 0 ) corresponding to x. It is defined up to conjugation in π 1 (X 0 ), and hence its image in π 1 (X 0 ) ab is well-defined. Sometimes we denote this image also by F x by abuse of notation. Consider the case where m = 1. Then the image of F x in the quotient group
Let x 1 : Spec F q d → X 1 be the base change of x. One can verify that F d x and F x1 define the same conjugacy class in π 1 (X 1 ). So we have tran(
by abuse of notation.
Let L 1 be a lisse Q ℓ -sheaf on X 1 of rank 1. It defines a one dimensional representation
Taking its composite with the transfer tran :
We define tran(L 1 ) to be the lisse Q ℓ -sheaf on X 0 of rank 1 corresponding to the last representation.
By the above discussion, if x : Spec F q → X 0 is an F q -point in X 0 and x 1 : Spec F q d → X 1 is its base change, then we have
The following proposition follows from this equality, Proposition 1.1 (ii), and the definition of transfer. Proposition 1.2. Keep the notation above.
(i) The incomplete character sum
(ii) Let ρ 1 : π 1 (X 1 ) → Q * ℓ be the character corresponding to the Q ℓ -sheaf L 1 of rank 1, and let σ ∈ π 1 (X 0 ) be an element such that its image under the homomorphism
ℓ be the character defined by
and let π : X 1 → X 0 be the projection. Then the character corresponding the sheaf π * (tran(L 1 )) on
Transfer of Kummer type sheaves
The Kummer covering
Let χ : F * q → Q * ℓ be a multiplicative character. Pushing-forward the above torsor by χ −1 , we get a lisse Q ℓ -sheaf K χ on G m,Fq of rank 1. We call K χ the Kummer sheaf associated to χ. For any
where N F q m /Fq denotes the norm for the field extension
) be a section of the subsheaf of units in the structure sheaf O X0 . Then the
where L goes over those finite Galois extensions of K contained in K such that the normalization of X 0 in L is etale over X 0 . (Actually it suffices to require that the normalization is unramified over
is a Galois extension, and the normalization of X 0 in K[ξ] is etale over X 0 . It follows that we have a canonical epimorphism
On the other hand, we have a canonical monomorphism
The representation corresponding to K χ,f is the composite is contained in the complement of the hypersurface f = 0. Let X 1 be the base change of X 0 from F q to F q d , and let π : X 1 → X 0 be the projection. Consider the sheaf K χ,f on X 1 . Let us describe the
corresponds to the character
Denote this character by ρ 1 :
More explicitly, we have
for any g ∈ π 1 (X 1 ). Note that π : X 1 → X 0 is a Galois etale covering space, and we have canonical
Choose an element σ ∈ π 1 (X 0 ) so that its image in Gal
Then the image of σ in π 1 (X 0 )/π 1 (X 1 ) is a generator. For any 0
be the character defined by
for any g ∈ π 1 (X 1 ). We have
Note that σ −i (ξ) and gσ −i (ξ) are roots of the polynomial T
, and hence
So we have
for any g ∈ π 1 (X 1 ). This shows that ρ
and hence
. By Proposition 1.2 (ii),
1 . So we get the following. is contained in the complement of the hypersurface f = 0. Let X 1 be the base change of X 0 from F q to F q d , and let π : X 1 → X 0 be the projection. Then on X 1 , we have isomorphisms
where σ −i (f ) is the polynomial obtained from f by taking the q i -th root for each coefficient of f .
Transfer of Artin-Schreier type sheaves
The Artin-Schreier covering
Let ψ : F q → Q * ℓ be a nontrivial additive character. Pushing-forward this torsor by ψ −1 , we get a lisse
Fq , which we call the Artin-Schreier sheaf. For any
where Tr F q m /Fq denotes the trace for the field extension F q m /F q .
Let f ∈ Γ(X 0 , O X0 ) be a section of the structure sheaf O X0 . Then the F q -algebra homomorphism
It is a lisse Q ℓ -sheaf of rank one on X 0 . For any x ∈ X 0 (F q m ), we have
Confer [1, Sommes trig. 1.4-8].
Suppose that X 0 is a normal scheme. Then L ψ,f can be described as follows. Let K be the function field of X 0 . Fix a separable closure of K of K(X 0 ), and let the base point of X 0 be the canonical morphism Spec K → X 0 . Let ζ ∈ K be a root of the polynomial T q − T − f. Then any root of T q − T − f is of the form ζ + a for some a ∈ F q , K[ζ] is a Galois extension and the normalization of X 0 in K[ζ] is etale over X 0 . It follows that we have a canonical epimorphism
The representation corresponding to L ψ,f is the composite
. . , t n ) be a rational function, and let X 0 be an open subscheme of A n Fq so that its inverse image is contained in the complement of zero set of the denominator of f . Let X 1 be the base change of X 0 from F q to F q d , and let π : X 1 → X 0 be the projection. Consider the sheaf L ψ,f on X 1 . Let us describe the character π 1 (X 1 ) → Q * ℓ corresponding to the sheaf π * (tran(L ψ,f )) on X 1 . The function field of X 0 (resp. X 1 ) is the rational function field
Let ζ be a root of the polynomial T
L ψ,f corresponds to the character
Denote this character by ρ 1 : π 1 (X 1 ) → Q * ℓ . More explicitly, we have
for any g ∈ π 1 (X 1 ). We have canonical isomorphisms
Again choose σ ∈ π 1 (X 0 ) so that its image in Gal F q d (t 1 , . . . , t n )/F q (t 1 , . . . , t n ) is given by σ(a) = a q for any a ∈ F q d , σ(t i ) = t i (i = 1, . . . , n).
Note that σ −i (ζ) and gσ −i (ζ) are roots of the polynomial T
So we have
1 . So we get the following. is contained in the complement of zero set of the denominator of f . Let X 1 be the base change of X 0 from F q to F q d , and let π : X 1 → X 0 be the projection. Then on X 1 , we have an isomorphism
where σ −i (f ) is the rational function obtained from f by taking the q i -th root for each coefficient of the numerator and the denominator of f , and ψ • σ i is the additive character a → ψ(a
For any rational function f ∈ F q d (t 1 , . . . , t n ), define
Write f = . Then we have
Character Sums on Curves
In this section, X 0 is a smooth geometrically connected curve over F q of genus g, X 0 is the smooth compactification of X 0 , X and X are the base changes of X 0 and X 0 from F q to F, respectively. Let us recall the general method of studying character sums on X 0 using ℓ-adic cohomology theory. Let L 0 be a lisse Q ℓ -sheaf on X 0 of rank 1. Suppose L 0 is geometrically nontrivial, that is, the inverse image L on X is not isomorphic to the constant sheaf Q ℓ . Then we have
By the Grothendieck-Ogg-Shafarevich formula ([5, X 7.1]), we have
where sw x denotes the Swan conductor at x for any Zariski closed point x in X. 
So we have
We thus get the following.
Proposition 4.1. Let X 0 be a smooth geometrically connected curve over F q of genus g, X 0 its smooth compactification, and L 0 a lisse Q ℓ -sheaf on X 0 of rank 1. Suppose L 0 is geometrically nontrivial, and is punctually pure of weight 0. Then we have
Theorem 4.2. Let X 0 be a smooth geometrically connected curve over F q of genus g, X 0 its smooth
is geometrically nontrivial, and suppose L 1 is punctually pure of weight
Proof. By Proposition 1.2 (i) and Grothendieck's trace formula ([1, Rapport 3.2]), we have
Since tran(L 1 ) is geometrically nontrivial, we have H i c (X, tran(L 1 )) = 0 for i = 1. So we have 
On the other hand, by the Grothendieck-Ogg-Shafarevich formula ([5, X 7.1]), we have
To prove our theorem, it suffices to show that
Choose σ ∈ π 1 (X 0 ) so that its image under the canonical epimorphism
the Frobenius substitution. Let ρ 1 : π 1 (X 1 ) → Q * ℓ be the character corresponding to L 1 and let
for any g ∈ π 1 (X 0 ). Then by Proposition 1.2, π * (tran(L 1 )) corresponds to the character
1 , where π : X 1 → X 0 is the projection. Note that σ induce an automorphism of X over X 0 , and an automorphism of X over X 0 . For any x ∈ X − X and any 0 ≤ i ≤ d − 1, we have
Remark 4.3. In the above proof, suppose there exists closed points ∞ 1 , . . . , ∞ m ∈ X − X such that
The estimate in Theorem 4.2 can be improved as
, define the highest square free divisor of f (t) to be the product of all distinct irreducible factors of f (t). Let σ be the automorphism of F q d (t) defined by σ(t) = t and σ(a) = a q for any a ∈ F q d . 
Suppose that for some
Proof. Let X 0 be the complement in A Fq of the closed subscheme defined by the vanishing of the polynomial
Note that L 1 is tamely ramified everywhere on
Note that the set X − X consists of ∞ and the roots of
. There are at most d n j=1 d j such roots. The genus of X 0 is 0. Our estimate follows directly from the estimate in Theorem 4.2, provided that we can prove tran(L 1 ) is geometrically nontrivial. Indeed, by Proposition 2.1, we have π
is geometrically nontrivial, and hence tran(K χj 0 ,fj 0 ) is geometrically nontrivial. Since f j0 is relatively prime to f j for any j = j 0 , this implies that tran(L 1 ) is geometrically nontrivial.
For any rational function f =
, let f k+1 (t) be a rational function in
, let D 1 be the degree of the highest square free divisor of
be the degree of the denominator of f k+1 (t), and let D 4 be the degree of the highest square free divisor of the denominator of f k+1 (t) which is relatively prime to k j=1 f j (t). Let χ j (1 ≤ j ≤ k) be multiplicative characters of F q d , and let ψ p be a nontrivial additive character of F p . Extend χ i to F q d by setting χ i (0) = 0. Suppose Tr F q d /Fq (f n+1 (t)) is not of the form r(t) p − r(t) + c in F(t). Then we have the estimate a∈Fq, fn+1(a) =∞
Proof. Let u k+1 be the denominator of f k+1 , and let X 0 be the complement in A Tr(F x1 , L 1,x1 ).
Note that k j=1 K χj ,fj is tamely ramified everywhere on
, and has no effect on the Swan conductor of L 1 . So for any x ∈ X − X = P Since Tr F q d /Fq (f k+1 ) is not of the form r(t) p −r(t)+c in F(t), the sheaf L ψ,Tr F q d /Fq (f k+1 ) is geometrically nontrivial, and it has wild ramification at poles of Tr F q d /Fq (f k+1 ), whereas
is at worst tamely ramified. So
L ψ,Tr F q d /Fq (f k+1 ) is geometrically nontrivial.
